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ABSTRACT 

In this paper, the nonlinear system (1.1) was linearized and the mild solution of the system was 

obtained using the Unsymmetric Fubuni Theorem. The necessary and sufficient conditions for the 

existence of optimal control were established. We also, made use of the integration technique as in 

Klamka (1976) to establish results.  The reachable set, attainable set and target set upon which our 

studies hinged were extracted from the mild solution. 

 

Keywords: Optimality Control, Unsymmetric Fubini Theorem, Linearization, Neutral System, Set 

Functions. 

 

1.0 Introduction 

There are several papers which appeared on the controllability of nonlinear systems in infinite 

dimensional spaces.Balachandran K. and Anandhi E.R. (2003) discussed the controllability of 

neutral functional integro-differential systems in abstract phase space, with the help of Schander 

fixed point theorem. Fu (2004) studied the same problem in abstract phase space for neutral 

functional differential systems with unbounded delay by using the Sado vskii fixed point theorem. 

Onwuatu, J.U.(1984), discussed the problem for nonlinear systems of neutral functional differential 

equations with limited controls. 

However, the systems with delays in both the state and control, investigation into their relative 

controllability are still attracting attention and interest.  

Optimality conditions for the relative controllability of nonlinear infinitely space of Neutral 

differential systems with distributed delays in the control is yet to be reported, though there are 

studies in the optimal controllability of ordinary and functional differential systems. 

From the following studies, Artstein, Z. and Tradma G. (1982), Balachandran, K. and J.P. Dauer 

(1989), Chukwu, E.N. (2001), we gain clarity of the meaning and full understanding of the 

conceptual frame work of optimal controllability. 

In this work, we shall consider the Nonlinear Infinitely Space of Neutral Differential Systems with 

Distributed Delays in the Control of the form: 

𝑑

𝑑𝑡
[𝐷(𝑡,𝑥𝑡)] = 𝐿(𝑡,𝑥𝑡)𝑥𝑡 + ∫ 𝐴(𝑡, 𝜃

0

−∞

)𝑥(𝑡 + 𝜃)𝑑𝜃 

+ ∫ 𝑑𝜃𝐻(𝑡, 𝜃)𝑢(𝑡 + 𝜃) +  𝑓(𝑡, 𝑥𝑡)
0

−ℎ

 … ….    (1.1) 

𝑥𝑡0
= 𝜙     

With the main objective of investigating for the existence of an optimal control of  the system (1.1). 

1. Notation and Preliminaries 

𝐿𝑒𝑡 𝑛 𝑏𝑒 𝑎 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑎𝑛𝑑 𝐸 = (−∞, ∞)𝑏𝑒 𝑡ℎ𝑒 𝑟𝑒𝑎𝑙 𝑙𝑖𝑛𝑒. 

 𝐷𝑒𝑛𝑜𝑡𝑒 𝑏𝑦 𝐸𝑛 𝑡ℎ𝑒 𝑠𝑝𝑎𝑐𝑒 𝑜𝑓 𝑟𝑒𝑎𝑙 𝑛 − 𝑡𝑢𝑝𝑙𝑒𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑡ℎ𝑒 𝐸𝑢𝑐𝑙𝑖𝑑𝑒𝑎𝑛 𝑠𝑝𝑎𝑐𝑒 𝑤𝑖𝑡ℎ 𝑛𝑜𝑟𝑚 
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 𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑏𝑦 |. |.  

 𝐼𝑓 𝐽 = [𝑡0, 𝑡1] 𝑖𝑠 𝑎𝑛𝑦 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 𝑜𝑓 𝐸, 𝐿2 𝑖𝑠 𝑡ℎ𝑒 𝐿𝑒𝑏𝑒𝑠𝑞𝑢𝑒 𝑠𝑝𝑎𝑐𝑒 𝑜𝑓 𝑠𝑞𝑢𝑎𝑟𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑏𝑙𝑒  

𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑓𝑟𝑜𝑚 𝐽 𝑡𝑜 𝐸𝑛 𝑤𝑟𝑖𝑡𝑡𝑒𝑛 𝑖𝑛 𝑓𝑢𝑙𝑙 𝑎𝑠  𝐿2([𝑡0, 𝑡1] , 𝐸𝑛). 

𝐿𝑒𝑡 ℎ > 0 𝑏𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑎𝑛𝑑 𝑙𝑒𝑡 𝐶([−ℎ, 0], 𝐸𝑛)𝑏𝑒 𝑡ℎ𝑒 𝑜𝑓 𝐵𝑎𝑛𝑎𝑐ℎ 𝑠𝑝𝑎𝑐𝑒  𝑜𝑓 

𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 𝑛𝑜𝑟𝑚 𝑜𝑓 𝑢𝑛𝑖𝑓𝑜𝑟𝑚 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑛𝑐𝑒 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 

‖𝜙‖  = sup 𝜙(𝑠) ;  [−ℎ, 0], 𝜙 ∈ 𝐶([−ℎ, 0], 𝐸𝑛) 
 

𝐼𝑓 𝑥 𝑖𝑠 𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑓𝑟𝑜𝑚 [−ℎ, ∞] 𝑡𝑜 𝐸𝑛, 𝑡ℎ𝑒𝑛 𝑥𝑡 𝑖𝑠 𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑜𝑛 𝑡ℎ𝑒 𝑑𝑒𝑙𝑎𝑦 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 
 [−ℎ, 0] 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠 

𝑥𝑡(𝑠) =  𝑥(𝑡 + 𝑠); 𝑠 ∈ [−ℎ, 0] , 𝑡 ∈ [0, ∞). 
 

Consider the nonlinear infinite neutral system  

 
𝑑

𝑑𝑡
[𝐷(𝑡, 𝑥𝑡)] =  𝐿(𝑡, 𝑥𝑡)𝑥𝑡 + ∫ 𝐴(𝑡, 𝜃)

∞

0

𝑥(𝑡 + 𝜃)𝑑𝜃  

 

+ ∫ [𝑑𝜃

0

−ℎ

𝐻(𝑡, 𝜃)]𝑢(𝑡 + 𝜃) + 𝑓(𝑡, 𝑥𝑡) … … . (2.1) 

(𝐶𝑖𝑟𝑐𝑢𝑙𝑎𝑟𝑖𝑡𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑓𝑟𝑜𝑚 − ∞ 𝑡𝑜 0 𝑎𝑛𝑑 𝑓𝑟𝑜𝑚  0 𝑡𝑜 ∞). 

𝑊ℎ𝑒𝑟𝑒 

  𝐿(𝑡, 𝑥𝑡) =  ∑ 𝐴𝑘

∞

𝑘=0

𝑥(𝑡 − 𝑤𝑘) +  ∫ 𝐴
0

−∞

(𝑡, 𝜃)𝑥(𝑡 + 𝜃)𝑑𝜃. 

𝐿(𝑡, 𝑥𝑡)𝑥𝑡  =  ∫ 𝑑𝜃

0

−ℎ

ŋ(𝑡, 𝑠, 𝑥(𝑡 + 𝑠))𝑥(𝑡 + 𝜃) 

 

ŋ(𝑡, 𝑠, ф, 𝜓 ) ≥ 0, 𝑓𝑜𝑟 𝑠 ≥ 0 𝑎𝑛𝑑 ф, 𝜓 ∈ 𝐶. 
 

ŋ(𝑡, 𝑠, ф, 𝜓)𝑒𝑥𝑖𝑠𝑡𝑠 𝑓𝑜𝑟 𝑡 < −ℎ 
ŋ(𝑡, 𝑠, ф, 𝜓)𝑖𝑠 𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑚𝑎𝑡𝑟𝑖𝑥 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑣𝑎𝑟𝑖𝑎𝑡𝑖𝑜𝑛 𝑖𝑛 𝑠 ∈ [−ℎ, 0], 

𝑣𝑎𝑟𝑦 ŋ(𝑡) ≤ 𝑚(𝑡), 𝑚(𝑡) ∈ 𝐿1.   
𝐿1 𝑖𝑠 𝑡ℎ𝑒 𝑠𝑝𝑎𝑐𝑒 𝑜𝑓 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑏𝑙𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠. 
𝐿𝑒𝑡 𝛺 𝑏𝑒 𝑎𝑛 𝑜𝑝𝑒𝑛 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝐸𝑥𝐶 𝑎𝑛𝑑 𝐷 , 𝐿 𝑏𝑒 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑙𝑖𝑛𝑒𝑎𝑟 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑜𝑛 𝐸𝑥𝐶 𝑖𝑛𝑡𝑜 𝐸𝑛 

|𝐿(𝑡, 𝑥𝑡)𝑥𝑡| ≤ 𝑚(𝑡)‖𝑥𝑡‖, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 ∈ 𝐸, 𝜓(𝑡) ∈ 𝐶 

𝐷(𝑡, 𝑥𝑡) = 𝑥(𝑡)𝑔 (𝑡, 𝑥𝑡),    
 

𝑊ℎ𝑒𝑟𝑒 𝑔(𝑡, 𝑥𝑡) =  ∑ 𝐴𝑛

∞

𝑛−𝑜

(𝑡)𝜙(𝑡 − 𝑤𝑛(𝑡) + ∫ 𝐴
0

−ℎ

(𝑡, 𝑠)𝜙(𝑠)𝑑𝑠 =  ∫ 𝑑𝜃

0

−ℎ

𝐻(𝑡, 𝜃)𝜙(𝜃)  
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𝑊ℎ𝑒𝑟𝑒, 0 ≤ 𝑤𝑛 ≤ ℎ, 𝑎𝑛𝑑 |∫ 𝑑𝜃

0

−ℎ

𝐻(𝑡, 𝜃)𝜙(𝜃)| ≤ ℎ(𝜃)‖𝜙‖. 

𝐷(𝑡, 𝑥𝑡) 𝑖𝑠 𝑛𝑜𝑛 − 𝑎𝑡𝑜𝑚𝑖𝑐 𝑎𝑡 𝑧𝑒𝑟𝑜 (𝑡ℎ𝑎𝑡 𝑖𝑠 𝐷(𝑡, 𝑥𝑡) 𝑖𝑠 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑏𝑙𝑒 𝑎𝑛𝑑 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑏𝑙𝑒 𝑎𝑡 𝑧𝑒𝑟𝑜). 
 

∫ 𝐴
0

−ℎ

(𝑡, 𝑠)𝑑𝑠 + ∑|𝐴(𝑡)|

∞

𝑛−1

≥  𝛿(𝜀), 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡, 𝑤ℎ𝑒𝑟𝑒 𝛿(𝜀) → 0, 

𝑓 𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑎𝑛𝑑 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑜𝑡ℎ𝑒𝑟  𝑠𝑚𝑜𝑜𝑡ℎ𝑛𝑒𝑠𝑠 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠. 
 

1.1. Linearization 

We can linearize the system (2.1) as in Chukwu, E. N. (1992) by setting 𝑥𝑡 = 𝑧 𝑖𝑛 𝐿; a specified 

function insider the function 𝐿(𝑡, 𝑥𝑡)𝑥𝑡 to have 𝐿(𝑡, 𝑧)𝑥𝑡 without loss of generality. Thus system 

(2.1) becomes 

𝑑

𝑑𝑡
[𝐷(𝑡, 𝑥𝑡)] =  𝐿(𝑡, 𝑧)𝑥𝑡 + ∫ 𝐴(𝑡, 𝜃)

∞

0

𝑥(𝑡 + 𝜃)𝑑𝜃  

+ ∫ 𝑑𝜃

0

−ℎ

𝐻(𝑡, 𝜃)]𝑢(𝑡 + 𝜃)   +  𝑓(𝑡, 𝑥𝑡)  … . . (2.2) 

𝐸𝑣𝑖𝑑𝑒𝑛𝑡𝑙𝑦, 

𝐿(𝑡, 𝑧)𝑥𝑡  = ∑ 𝐴𝑘

∞

𝑘=0

𝑥(𝑡 − 𝑤𝑘) +  ∫ 𝐴
0

−∞

(𝑡, 𝜃)𝑥(𝑡 + 𝜃)𝑑𝜃 + ∫ 𝐴(𝑡, 𝜃)
∞

0

𝑥(𝑡 + 𝜃)𝑑𝜃  

 

𝐿∗(𝑡, 𝑍)𝑥𝑡  = ∑ 𝐴𝑘

∞

𝑘=0

𝑥(𝑡 − 𝑤𝑘) +  ∫ 𝐴
0

−∞

(𝑡, 𝜃)𝑥(𝑡 + 𝜃)𝑑𝜃. 

 

𝑇ℎ𝑒 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑎𝑡𝑖𝑜𝑛 𝐿, 𝐿∗ 𝑎𝑟𝑒 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑢𝑛𝑑𝑒𝑟 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑎𝑠𝑠𝑢𝑚𝑝𝑡𝑖𝑜𝑛𝑠; 

𝐿(𝑡, 𝑍)𝑥𝑡  = 𝑙𝑖𝑚𝑖𝑡
𝑝→∞

∑ 𝐴𝑘

𝑝

𝑘=0

𝑥(𝑡 − 𝑤𝑘) + 𝑙𝑖𝑚𝑖𝑡
𝑀.𝑁→∞

 ∫ 𝐴
𝑁

𝑀

(𝑡, 𝜃)𝑥(𝑡 + 𝜃)𝑑𝜃. 

𝑊𝑒 𝑎𝑠𝑠𝑢𝑚𝑒 𝑡ℎ𝑒 𝑙𝑖𝑚𝑖𝑡𝑠 𝑒𝑥𝑖𝑠𝑡, 𝑔𝑖𝑣𝑖𝑛𝑔 𝑓𝑖𝑛𝑖𝑡𝑒 𝑝𝑎𝑟𝑡𝑖𝑎𝑙 𝑠𝑢𝑚 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑖𝑛𝑓𝑖𝑛𝑖𝑡𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑎𝑛𝑑 𝑡ℎ𝑒 

 𝑖𝑚𝑝𝑟𝑜𝑝𝑒𝑟 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙𝑠. 𝑇ℎ𝑢𝑠 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 

𝐿∗(𝑡, 𝑍)𝑥𝑡  = ∑ 𝐴𝑘

∞

𝑘=𝑜

𝑥(𝑡 − 𝑤𝑘) +  ∫ 𝐴
0

−∞

(𝑡, 𝜃)𝑥(𝑡 + 𝜃)𝑑𝜃 

𝑖𝑠 𝑓𝑖𝑛𝑖𝑡𝑒 𝑎𝑛𝑑 𝑤𝑒𝑙𝑙 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛. 
𝐼𝑛 𝑡ℎ𝑒 𝑙𝑖𝑔ℎ𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑎𝑏𝑜𝑣𝑒, 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (2.1) 𝑟𝑒𝑑𝑢𝑐𝑒𝑠 𝑡𝑜  

𝑑

𝑑𝑡
[𝐷(𝑡, 𝑍)𝑥𝑡] =  𝐿(𝑡, 𝑧)𝑥𝑡 +  ∫ [𝑑𝜃

0

−ℎ

𝐻(𝑡, 𝜃)𝑢(𝑡 + 𝜃) +  𝑓(𝑡, 𝑥𝑡) … … … (2.3) 

𝑥(𝑡0) = 𝜙 ∈ 𝐶. 

𝑊ℎ𝑒𝑟𝑒 ,   𝐿(𝑡, 𝑍)𝑥𝑡  = ∑ 𝐴𝑘

𝑝

𝑘=0

𝑥(𝑡 − 𝑤𝑘) +  ∫ 𝐴
0

−ℎ

(𝑡, 𝜃)𝑥(𝑡 + 𝜃)𝑑𝜃. 

2.3   Variation of Constant Formula 

𝐼𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑛𝑔 𝑠𝑦𝑠𝑡𝑒𝑚 (2.3), 𝑎𝑓𝑡𝑒𝑟 𝑙𝑖𝑛𝑒𝑎𝑟𝑖𝑧𝑖𝑛𝑔, 𝑤𝑒 ℎ𝑎𝑣𝑒 
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𝑥(𝑡) = 𝑋(𝑡, 𝑡0, 𝜙, 𝑢)𝑥0 +  ∫ 𝑋
𝑡

𝑡0

 (𝑡, 𝑠)𝑓(𝑠, 𝑥𝑠)𝑑𝑠

+  ∫ 𝑋
𝑡

0

 (𝑡, 𝑠) {∫ 𝑑𝜃

0

−ℎ

𝐻(𝑡, 𝜃)𝑢(𝑡 + 𝜃)} 𝑑𝑠                  (2.4) 

𝑊ℎ𝑒𝑟𝑒 𝑋(𝑡, 𝑠)𝑖𝑠 𝑡ℎ𝑒 𝑓𝑢𝑛𝑑𝑎𝑚𝑒𝑛𝑡𝑎𝑙 𝑚𝑎𝑡𝑟𝑖𝑥 𝑜𝑓 𝑡ℎ𝑒 ℎ𝑜𝑚𝑜𝑔𝑒𝑛𝑒𝑜𝑢𝑠 𝑝𝑎𝑟𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (2.3).  

 𝑋(𝑡, 𝑠) = 1 (𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑚𝑎𝑡𝑟𝑖𝑥 𝑜𝑓 𝑛𝑥𝑛) 𝑜𝑟𝑑𝑒𝑟, 𝑓𝑜𝑟  𝑠 = 𝑡. 

𝑇ℎ𝑒 3𝑟𝑑  𝑡𝑒𝑟𝑚 𝑖𝑛 𝑡ℎ𝑒 𝑟𝑖𝑔ℎ𝑡 ℎ𝑎𝑛𝑑 𝑠𝑖𝑑𝑒 𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚 (2.4)𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑠 𝑡ℎ𝑒 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑢(𝑡) 

𝑓𝑜𝑟 𝑡 < 𝑡0, 𝑎𝑠 𝑤𝑒𝑙𝑙 𝑎𝑠 𝑓𝑜𝑟 𝑡 > 𝑡0.  𝑇ℎ𝑒 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑢(𝑡) 𝑓𝑜𝑟 𝑡 ∈ [𝑡0 − ℎ, 𝑡0] 𝑒𝑛𝑡𝑒𝑟  

𝑖𝑛𝑡𝑜 𝑡ℎ𝑒 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 𝑠𝑡𝑎𝑡𝑒  𝑧(0) = {𝑥0, 𝑢𝑡0 
}. 

 𝑇𝑜  𝑠𝑒𝑝𝑎𝑟𝑎𝑡𝑒 𝑡ℎ𝑒𝑚, 𝑡ℎ𝑒 3𝑟𝑑  𝑡𝑒𝑟𝑚 𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚 (2.4)𝑚𝑢𝑠𝑡 𝑏𝑒 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑒𝑑 𝑏𝑦 𝑐ℎ𝑎𝑛𝑔𝑖𝑛𝑔 𝑡ℎ𝑒 

 𝑜𝑟𝑑𝑒𝑟 𝑜𝑓 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑜𝑛. 𝑈𝑠𝑖𝑛𝑔 𝑡ℎ𝑒 𝑢𝑛𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝐹𝑢𝑏𝑖𝑛𝑖 𝑡ℎ𝑒𝑜𝑟𝑒𝑚 (𝒔𝒆𝒆 𝑱. 𝑲𝒍𝒂𝒏𝒌𝒂 (𝟏𝟗𝟖𝟎), 

𝑤𝑒 ℎ𝑎𝑣𝑒 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑖𝑒𝑠: 

 

𝑥(𝑡) = 𝑋(𝑡, 𝑡0, 𝜙, 𝑢)𝑥0 +  ∫ 𝑋
𝑡

0

 (𝑡, 𝑠) 𝑓(𝑠, 𝑥𝑠)𝑑𝑠          

 

   + ∫  𝑑𝐻𝜃
(∫ 𝑋

𝑡

𝑡𝑜

(𝑡, 𝑠)𝐻(𝑠, 𝜃)𝑢(𝑠 + 𝜃)𝑑𝑠)
0

−ℎ

 … … … (2.5) 

 

= 𝑋(𝑡, 𝑡0, 𝜙, 𝑢)𝑥0 +  ∫ 𝑋
𝑡

𝑡0

 (𝑡, 𝑠) 𝑓(𝑠, 𝑥𝑠)𝑑𝑠      

 

+ ∫ 𝑑𝐻𝜃
(∫ 𝑋

𝑡+𝜃

𝑡0+𝜃

(𝑡, 𝑠 − 𝜃)𝐻(𝑠 − 𝜃, 𝜃)𝑢(𝑠 − 𝜃 + 𝜃)𝑑𝑠)
0

−ℎ

 … … … . (2.6) 

 

= 𝑋(𝑡, 𝑡0, 𝜙, 𝑢)𝑥0 +  ∫ 𝑋
𝑡

𝑡0

 (𝑡, 𝑠) 𝑓(𝑠, 𝑥𝑠)𝑑𝑠             

 

    + ∫ 𝑑𝐻𝜃
(∫ 𝑋

𝑡+𝜃

𝑡0+𝜃

(𝑡, 𝑠 − 𝜃)𝐻(𝑠 − 𝜃, 𝜃)𝑢(𝑠)𝑑𝑠)
0

−ℎ

… … (2.7) 

 

= 𝑋(𝑡, 𝑡0, 𝜙, 𝑢)𝑥0 +  ∫ 𝑋
𝑡

𝑡0

 (𝑡, 𝑠) 𝑓(𝑠, 𝑥𝑠)𝑑𝑠   + ∫ 𝑑𝐻𝜃
(∫ 𝑋

𝑡0

𝑡0+𝜃

(𝑡, 𝑠 − 𝜃)𝐻(𝑠 − 𝜃, 𝜃)𝑢0(𝑠)𝑑𝑠)
0

−ℎ

   

             

   + ∫ 𝑑𝐻𝜃
(∫ 𝑋 (𝑡, 𝑠 − 𝜃)𝐻(𝑠 − 𝜃, 𝜃)𝑢(𝑠)𝑑𝑠

𝑡0+𝜃

𝑡0+𝜃

)
0

−ℎ

… … … . (2.8) 

𝑊ℎ𝑒𝑟𝑒 𝑡ℎ𝑒 𝑠𝑦𝑚𝑏𝑜𝑙 𝑑𝐻𝜃
 𝑑𝑒𝑛𝑜𝑡𝑒𝑠 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑖𝑛 𝑡ℎ𝑒 𝐿𝑒𝑏𝑒𝑠𝑞𝑢𝑒 − 𝑆𝑡𝑖𝑒𝑙𝑡𝑗𝑒𝑠 𝑠𝑒𝑛𝑠𝑒 

 𝑤𝑖𝑡ℎ 𝑟𝑒𝑠𝑝𝑒𝑐𝑡 𝑡𝑜 𝑡ℎ𝑒 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 𝜃 𝑖𝑛 𝑡ℎ𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝐻(𝑡, 𝜃). 
 

𝐿𝑒𝑡 𝑢𝑠 𝑖𝑛𝑡𝑟𝑜𝑑𝑢𝑐𝑒 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑛𝑜𝑡𝑎𝑡𝑖𝑜𝑛𝑠: 
 

𝐻̂(𝑠, 𝜃)  = {
𝐻(𝑠, 𝜃), 𝑓𝑜𝑟 𝑠 ≤ 𝑡, 𝜃𝜖𝑅
   0,        𝑓𝑜𝑟 𝑠 > 𝑡, 𝜃𝜖𝑅 

}  … … . . (2.9) 
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𝐻𝑒𝑛𝑐𝑒 𝑥(𝑡) 𝑐𝑎𝑛 𝑏𝑒 𝑒𝑥𝑝𝑟𝑒𝑠𝑠𝑒𝑑 𝑖𝑛 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑓𝑜𝑟𝑚: 

𝑥(𝑡) = 𝑋(𝑡, 𝑡0, 𝜙, 𝑢)𝑥0 +  ∫ 𝑋
𝑡

𝑡0

 (𝑡, 𝑠) 𝑓(𝑠, 𝑥𝑠)𝑑𝑠                  

+ ∫ 𝑑𝐻𝜃
(∫ 𝑋

𝑡0

𝑡0+𝜃

(𝑡, 𝑠 − 𝜃)𝐻(𝑠 − 𝜃, 𝜃)𝑢0(𝑠)𝑑𝑠) 
0

−ℎ

   

+ ∫ 𝑑𝐻𝜃
(∫ 𝑋

𝑡

𝑡0

(𝑡, 𝑠 − 𝜃)𝐻̂(𝑠 − 𝜃, 𝜃)𝑢(𝑠)𝑑𝑠) 
0

−ℎ

… … (2.10) 

𝑈𝑠𝑖𝑛𝑔 𝑎𝑔𝑎𝑖𝑛 𝑡ℎ𝑒 𝑢𝑛𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝐹𝑢𝑏𝑖𝑛𝑖 𝑡ℎ𝑒𝑜𝑟𝑒𝑚, 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 (2.10)𝑐𝑎𝑛 𝑏𝑒 𝑟𝑒𝑤𝑟𝑖𝑡𝑡𝑒𝑛 𝑖𝑛 𝑎  
𝑚𝑜𝑟𝑒 𝑐𝑜𝑛𝑣𝑒𝑛𝑖𝑒𝑛𝑡 𝑓𝑜𝑟𝑚 𝑎𝑠 𝑓𝑜𝑙𝑙𝑜𝑤𝑠: 

𝑥(𝑡) = 𝑋(𝑡, 𝑡0, 𝜙, 𝑢)𝑥0 +  ∫ 𝑋
𝑡

𝑡0 

 (𝑡, 𝑠) 𝑓(𝑠, 𝑥𝑠)𝑑𝑠 

 

+ ∫ 𝑑𝐻𝜃
(∫ 𝑋

𝑡0

𝑡0+𝜃

(𝑡, 𝑠 − 𝜃)𝐻(𝑠 − 𝜃, 𝜃)𝑢0(𝑠)𝑑𝑠)  
0

−ℎ

  

 

+ ∫ [∫ 𝑋
0

−ℎ

(𝑡, 𝑠 − 𝜃)𝑑𝐻𝜃
𝐻(𝑠 − 𝜃, 𝜃)] 𝑢(𝑠)𝑑𝑠

𝑡

𝑡0

    … … … (2.11) 

 

𝑁𝑜𝑤 𝑙𝑒𝑡 𝑢𝑠 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑡ℎ𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑥(𝑡) 𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚 (2.1) 𝑓𝑜𝑟 𝑡 = 𝑡1, 𝑡𝑜 𝑔𝑒𝑡𝑡𝑖𝑛𝑔: 
 

𝑥(𝑡1) = 𝑋(𝑡, 𝑡0, 𝜙, 𝑢)𝑥0 +  ∫ 𝑋
𝑡1

𝑡0

 (𝑡, 𝑠) 𝑓(𝑠, 𝑥𝑠)𝑑𝑠 

 

+ ∫ 𝑑𝐻𝜃
(∫ 𝑋

𝑡0

𝑡0+𝜃

(𝑡, 𝑠 − 𝜃)𝐻(𝑠 − 𝜃, 𝜃)𝑢0(𝑠)𝑑𝑠)
0

−ℎ

  

+ ∫ [∫ 𝑋
0

−ℎ

(𝑡, 𝑠 − 𝜃)𝑑𝐻𝜃
𝐻̂(𝑠 − 𝜃, 𝜃)] 𝑢(𝑠)𝑑𝑠

𝑡1

𝑡𝑜

       … … . . (2.12) 

𝑁𝑜𝑤, 𝑙𝑒𝑡 

 𝛼(𝑡) =  𝑋(𝑡, 𝑡0, 𝜙, 𝑢)𝑥0 +  ∫ 𝑋
𝑡1

𝑡0 

 (𝑡, 𝑠) 𝑓(𝑠, 𝑥𝑠)𝑑𝑠     … … … … … … … … … … . (2.13) 

𝛽(𝑡) = ∫ 𝑑𝐻𝜃
(∫ 𝑋

𝑡0

𝑡0+𝜃

(𝑡, 𝑠 − 𝜃)𝐻(𝑠 − 𝜃, 𝜃)𝑢0(𝑠)𝑑𝑠)
0

−ℎ

   … … … … … … … … … … . . (2.14) 

𝑎𝑛𝑑 

𝜇(𝑡) = ∫ [∫ 𝑋
0

−ℎ

(𝑡, 𝑠 − 𝜃)𝑑𝐻𝜃
𝐻̂(𝑠 − 𝜃, 𝜃)] 𝑢(𝑠)𝑑𝑠

𝑡1

𝑡𝑜

.  … … … … … … … … … … … … … … … … . (2.15) 

 

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 (2.13), (2.14) 𝑎𝑛𝑑 (2.15) 𝑖𝑛𝑡𝑜 (2.12) 𝑤𝑒 ℎ𝑎𝑣𝑒 

 

𝑥(𝑡1) = 𝛼(𝑡1) + 𝛽(𝑡1)  +  ∫ 𝜇(𝑡1

𝑡1

𝑡0

)𝑢(𝑠)𝑑𝑠 … … … … … … … … … … … … (2.16) 

 
          =  𝜇(𝑡1) + 𝛽(𝑡) + 𝑅(𝑡1, 𝑡0).   
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𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟏 (𝑹𝒆𝒂𝒄𝒉𝒂𝒃𝒍𝒆 𝒔𝒆𝒕) 
𝑇ℎ𝑒 𝑟𝑒𝑎𝑐ℎ𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (2.1) 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠 

𝑅(𝑡1,𝑡0) = {∫ [∫ 𝑋
0

−ℎ

(𝑡, 𝑠 − 𝜃)𝑑𝐻𝜃
𝐻̂(𝑠 − 𝜃, 𝜃)] 𝑢(𝑠)𝑑𝑠

𝑡1

𝑡𝑜

∶ 𝑢𝜖𝑈; |𝑢𝑗| ≤ 1} 

𝑊ℎ𝑒𝑟𝑒, 𝑈 = {𝑢 ∈ 𝐿2 ([0, 𝑡1], 𝐸𝑚)𝑎𝑛𝑑 𝑗 = 1,2,3, … , 𝑚 

 
𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟑 (𝑨𝒕𝒕𝒂𝒊𝒏𝒂𝒃𝒍𝒆 𝑺𝒆𝒕) 

𝑇ℎ𝑒 𝑎𝑡𝑡𝑎𝑖𝑛𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (2.1)𝑖𝑠 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑡ℎ𝑒 

 𝑠𝑦𝑠𝑡𝑒𝑚 (2.1). 𝑣𝑖𝑠𝑎 𝑣𝑖𝑠 𝑠𝑦𝑠𝑡𝑒𝑚 (1.1). 𝐼𝑡 𝑖𝑠 𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑏𝑦 

 
𝐴(𝑡1,𝑡0) = {𝑥(𝑡,𝑥0, 𝑢): 𝑢 ∈ 𝑈}, 𝑤ℎ𝑒𝑟𝑒 𝑈 = {𝑢 ∈ 𝐿2([0, 𝑡1], 𝐸𝑚): |𝑢𝑗| ≤ 1 ; j = 1,2, … , m 

 
𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟒 (𝑻𝒂𝒓𝒈𝒆𝒕 𝑺𝒆𝒕) 

 
𝑇ℎ𝑒 𝑡𝑎𝑟𝑔𝑒𝑡 𝑠𝑒𝑡 𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚 (2.1) 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠 

𝐺(𝑡1,𝑡0) =  {𝑥(𝑡1,
𝑥0, 𝑢): 𝑡1 ≥ 𝜏 > 𝑡0 𝑓𝑜𝑟 𝑓𝑖𝑥𝑒𝑑 𝜏 𝑎𝑛𝑑 𝑢 ∈ 𝑈} 

𝑤ℎ𝑒𝑟𝑒, 𝑈 = {𝑢 ∈ 𝐿2([0, 𝑡1,], 𝐸𝑚): |𝑢𝑗| ≤ 1,      𝑗 = 1,2, … … . , 𝑚} 

 
𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟓 (𝑪𝒐𝒏𝒕𝒓𝒐𝒍𝒍𝒂𝒃𝒊𝒍𝒊𝒕𝒚 𝒈𝒓𝒂𝒎𝒎𝒊𝒂𝒏) 
𝑇ℎ𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑔𝑟𝑎𝑚𝑚𝑖𝑎𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (2.1) 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠 

𝑊(𝑡1,𝑡0) = ∫ [∫ 𝑋(𝑡1, 𝑠 − 𝜃)𝑑𝐻𝜃
)𝐻̂(𝑠 − 𝜃, 𝜃)

0

−ℎ

]
𝑡1

𝑡0

[∫ 𝑋(𝑡1, 𝑠 − 𝜃)𝑑𝐻𝜃
)𝐻̂(𝑠 − 𝜃, 𝜃)

0

−ℎ

]

𝑇

𝑑𝑠 

𝑊ℎ𝑒𝑟𝑒 𝑇 𝑑𝑒𝑛𝑜𝑡𝑒𝑠 𝑚𝑎𝑡𝑟𝑖𝑥 𝑡𝑟𝑎𝑛𝑠𝑝𝑜𝑠𝑒. 
 

𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟔 (𝑪𝒐𝒎𝒑𝒍𝒆𝒕𝒆 𝒔𝒕𝒂𝒕𝒆) 
𝑇ℎ𝑒 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 𝑠𝑡𝑎𝑡𝑒 𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚 (2.1)𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠 

  𝑍(𝑡) = {𝑥(𝑡), 𝑢𝑡}, 𝑤ℎ𝑖𝑙𝑒 𝑡ℎ𝑒 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑚𝑒𝑝𝑙𝑒𝑡𝑒 𝑠𝑡𝑎𝑡𝑒  𝑧(𝑡0) = {𝑥0, 𝑢0}. 
 

𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟕 (𝑷𝒓𝒐𝒑𝒆𝒓𝒏𝒆𝒔𝒔) 
𝑇ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (2.1) 𝑖𝑠 𝑝𝑟𝑜𝑝𝑒𝑟 𝑖𝑛 𝐸𝑛  𝑜𝑛 [𝑡0,𝑡1]  𝑖𝑓 𝑠𝑝𝑎𝑛 (𝑡1,𝑡0) = 𝐸𝑛. 𝑇ℎ𝑎𝑡 𝑖𝑠 𝑖𝑓  

𝐶𝑇 [∫ 𝑋
0

−ℎ

(𝑡, 𝑠 − 𝜃)𝑑𝐻𝜃
𝐻̂(𝑠 − 𝜃, 𝜃)] = 0  𝑎. 𝑒. ⟹ 𝐶 = 0, 𝐶 ∈ 𝐸𝑛, 𝑡1 > 0. 

 
𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝟐. 𝟖 (𝑹𝒆𝒍𝒂𝒕𝒊𝒗𝒆 𝑪𝒐𝒏𝒕𝒓𝒐𝒍𝒍𝒂𝒃𝒊𝒍𝒊𝒕𝒚) 
𝑇ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒  𝑜𝑛  [𝑡0,𝑡1,]   𝑖𝑓 

 

𝐴(𝑡1,𝑡0) ∩  𝐺(𝑡1,𝑡0) ≠ 𝜙, 𝑡1 > 0.  

𝟑.  𝑴𝒂𝒊𝒏 𝑹𝒆𝒔𝒖𝒍𝒕𝒔 
𝑂𝑝𝑡𝑖𝑚𝑎𝑙𝑖𝑡𝑦 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑁𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 𝐼𝑛𝑓𝑖𝑛𝑖𝑡𝑒𝑙𝑦 𝑆𝑝𝑎𝑐𝑒 𝑜𝑓 𝑁𝑒𝑢𝑡𝑟𝑎𝑙 𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 𝑠𝑦𝑠𝑡𝑒𝑚𝑠 

 𝑤𝑖𝑡ℎ 𝐷𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑒𝑑 𝐷𝑒𝑙𝑎𝑦𝑠 𝑖𝑛 𝑡ℎ𝑒 𝐶𝑜𝑛𝑡𝑟𝑜𝑙. 𝐼𝑛 𝑡ℎ𝑒𝑠𝑒 𝑠𝑦𝑠𝑡𝑒𝑚𝑠 , 𝑡ℎ𝑒 𝑜𝑝𝑡𝑖𝑚𝑎𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑝𝑟𝑜𝑏𝑙𝑒𝑚 𝑐𝑎𝑛 

 𝑏𝑒𝑠𝑡 𝑏𝑒 𝑢𝑛𝑑𝑒𝑟𝑠𝑡𝑜𝑜𝑑 𝑖𝑛 𝑡ℎ𝑒 𝑐𝑜𝑛𝑡𝑒𝑥𝑡 𝑜𝑓 𝑎 𝑔𝑎𝑚𝑒 𝑜𝑓 𝑝𝑢𝑟𝑠𝑢𝑖𝑡, 
 (𝒔𝒆𝒆 𝑲. 𝑩𝒂𝒍𝒂𝒄𝒉𝒂𝒏𝒅𝒓𝒂𝒏 𝒂𝒏𝒅 𝑱. 𝑷. 𝑫𝒂𝒖𝒆𝒓 𝒂𝒏𝒅 𝑨𝒏𝒂𝒏𝒉𝒅𝒊 (𝟐𝟎𝟎𝟑)).  𝑇ℎ𝑒 𝑒𝑚𝑝ℎ𝑎𝑠𝑖𝑠 ℎ𝑒𝑟𝑒 𝑖𝑠 𝑡ℎ𝑒  
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𝑠𝑒𝑎𝑟𝑐ℎ 𝑓𝑜𝑟 𝑎 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑒𝑛𝑒𝑟𝑔𝑦 𝑡ℎ𝑎𝑡 𝑐𝑎𝑛 𝑠𝑡𝑒𝑒𝑟 𝑡ℎ𝑒 𝑠𝑡𝑎𝑡𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 𝑜𝑓 𝑜𝑢𝑟 𝑖𝑛𝑡𝑒𝑟𝑒𝑠𝑡 𝑡𝑜 𝑡ℎ𝑒 

 𝑡𝑎𝑟𝑔𝑒𝑡 𝑠𝑒𝑡 (𝑤ℎ𝑖𝑐ℎ 𝑐𝑎𝑛 𝑏𝑒 𝑎 𝑚𝑜𝑣𝑖𝑛𝑔 𝑝𝑜𝑖𝑛𝑡 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑟 𝑎 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 𝑠𝑒𝑡 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛) 𝑖𝑛 𝑎 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 

 𝑡𝑖𝑚𝑒. 𝐼𝑛 𝑜𝑡ℎ𝑒𝑟 𝑤𝑜𝑟𝑑𝑠, 𝑡ℎ𝑒 𝑜𝑝𝑡𝑖𝑚𝑎𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑝𝑟𝑜𝑏𝑙𝑒𝑚 𝑐𝑎𝑛 𝑏𝑒 𝑠𝑡𝑎𝑡𝑒𝑑 𝑎𝑠 𝑓𝑜𝑙𝑙𝑜𝑤𝑠: 
 

𝐼𝑓 𝑡∗ =  𝑖𝑛𝑓𝑖𝑛𝑢𝑚 {𝑡: 𝐴(𝑡1,𝑡0) ∩  𝐺(𝑡1,𝑡0) ≠ 𝜙 𝑓𝑜𝑟  𝑡 ∈ [𝑡0,𝑡1], 𝑡 > 0} . 
 

𝑇ℎ𝑒𝑛 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑎𝑛 𝑎𝑑𝑚𝑖𝑠𝑠𝑖𝑏𝑙𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑢∗ 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 𝑤𝑖𝑡ℎ 𝑡ℎ𝑖𝑠 

 𝑎𝑑𝑚𝑖𝑠𝑠𝑖𝑏𝑙𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑖𝑠 𝑠𝑡𝑒𝑒𝑟𝑒𝑑 𝑡𝑜 𝑡ℎ𝑒 𝑡𝑎𝑟𝑔𝑒𝑡. 𝑇ℎ𝑒 𝑝𝑟𝑜𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑡ℎ𝑎𝑡 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑖𝑙𝑙𝑢𝑠𝑡𝑟𝑎𝑡𝑒𝑠 𝑡ℎ𝑖𝑠 𝑎𝑠𝑠𝑒𝑟𝑡𝑖𝑜𝑛. 
 

𝑷𝒓𝒐𝒑𝒐𝒔𝒊𝒕𝒊𝒐𝒏 𝟑. 𝟏 
𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (2.1) 
 

𝑑

𝑑𝑡
(𝐷(𝑡, 𝑥𝑡)) = 𝐿(𝑡, 𝑧)𝑥𝑡 + ∫ 𝐴(𝑡, 𝜃)𝑥(𝑡 + 𝜃)𝑑𝜃

∞

0

 

+ ∫ 𝑑𝜃𝐻(𝑡, 𝜃)𝑢(𝑡 + 𝜃) + 𝑓(𝑡, 𝑥𝑡) 
0

−ℎ

  … … … … . . (2.1) 

 
𝑎𝑠 𝑎 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 𝑔𝑎𝑚𝑒 𝑜𝑓 𝑝𝑢𝑟𝑠𝑢𝑖𝑡, 𝑤𝑖𝑡ℎ 𝑖𝑡𝑠 𝑏𝑎𝑠𝑖𝑐 𝑎𝑠𝑠𝑢𝑚𝑝𝑡𝑖𝑜𝑛𝑠. 
𝑆𝑢𝑝𝑝𝑜𝑠𝑒 𝑡ℎ𝑎𝑡 𝐴(𝑡1,𝑡0) 𝑎𝑛𝑑 𝐺(𝑡1,𝑡0) 𝑎𝑟𝑒 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 𝑠𝑒𝑡 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠, 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑎𝑛 𝑎𝑑𝑚𝑖𝑠𝑠𝑖𝑏𝑙𝑒 

 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑢 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑠𝑡𝑎𝑡𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑤𝑒𝑎𝑝𝑜𝑛 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑝𝑢𝑟𝑠𝑢𝑖𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑡𝑎𝑟𝑔𝑒𝑡 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑡ℎ𝑒  
𝑠𝑦𝑠𝑡𝑒𝑚 (2.1) 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝐴(𝑡1,𝑡0) ∩ 𝐺(𝑡1,𝑡0) ≠ 𝜙. 

 
 

𝑃𝑟𝑜𝑜𝑓 
𝐿𝑒𝑡 {𝑢𝑛}𝑏𝑒 𝑎 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑜𝑓 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑠 𝑖𝑛 𝑈. 𝑆𝑖𝑛𝑐𝑒 𝑡ℎ𝑒 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑈 𝑖𝑠 𝑐𝑜𝑚𝑝𝑎𝑐𝑡, 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 

 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 {𝑢𝑛} ℎ𝑎𝑠 𝑎 𝑙𝑖𝑚𝑖𝑡 𝑢, 𝑎𝑠 𝑖𝑛 𝑡𝑒𝑛𝑑𝑠 𝑡𝑜 𝑖𝑛𝑓𝑖𝑛𝑖𝑡𝑦. 𝑇ℎ𝑎𝑡 𝑖𝑠  
 

𝑙𝑖𝑚𝑖𝑡 
𝑛→∞

𝑢𝑛 = 𝑢  … … … … … . (3.1) 

 

𝑆𝑢𝑝𝑝𝑜𝑠𝑒 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑠𝑡𝑎𝑡𝑒 𝑦(𝑡) 𝑜𝑓 𝑡ℎ𝑒 𝑤𝑒𝑎𝑝𝑜𝑛 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑝𝑢𝑟𝑠𝑢𝑖𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑡𝑎𝑟𝑔𝑒𝑡 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑡ℎ𝑒 

 𝑠𝑦𝑠𝑡𝑒𝑚 (2.1) 𝑜𝑛 𝑡ℎ𝑒 𝑡𝑖𝑚𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 [𝑡0  , 𝑡1] , 𝑡ℎ𝑒𝑛 𝑦(𝑡) ∈ 𝐺(𝑡, 0), 𝑓𝑜𝑟 𝑡 ∈ [𝑡0 ,𝑡1]. 
𝑊𝑒 𝑎𝑟𝑒 𝑡𝑜 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑥(𝑡, 𝑢) ∈  𝐴 (𝑡1,𝑡0,), 𝑓𝑜𝑟 𝑡 ∈   [𝑡0,𝑡1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡  

𝑦(𝑡) = 𝑥(𝑡, 𝑢) 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑢 ∈ 𝑈. 𝑁𝑜𝑤, 𝑥(𝑡, 𝑢) ∈ 𝐴(𝑡, 0)𝑎𝑛𝑑 𝑓𝑟𝑜𝑚 

𝑥(𝑡1,𝑥0, 𝑢𝑛) = 𝑋(𝑡1,𝑡0,𝜙)𝑥0 + ∫ 𝑋
𝑡1

𝑡0

(𝑡, 𝑠)𝑓(𝑠, 𝑥𝑠)𝑑𝑠   

+ ∫ 𝑑𝐻𝜃
(∫ 𝑋

𝑡0

𝑡0+𝜃

0

−ℎ

(𝑡1, 𝑠 − 𝜃)𝐻(𝑠 − 𝜃, 𝜃)𝑢0
𝑛(𝑠)𝑑𝑠)  

+ ∫ [∫ 𝑋
0

−ℎ

(𝑡1, 𝑠 − 𝜃)𝑑𝐻𝜃
𝐻̂(𝑠 − 𝜃, 𝜃)]

𝑡1

𝑡𝑜

𝑢𝑛(𝑠)𝑑𝑠  … … … (3.2) 

 

𝑇𝑎𝑘𝑖𝑛𝑔 𝑙𝑖𝑚𝑖𝑡 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (3.2), 𝑊𝑒 ℎ𝑎𝑣𝑒 

 
𝑙𝑖𝑚𝑖𝑡
𝑛→∞

 𝑥(𝑡1,𝑥0, 𝑢𝑛) =  𝑙𝑖𝑚𝑖𝑡
𝑛→∞

𝑋 (𝑡1,𝑥0, 𝑢𝑛)𝑥0  
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+ ∫ 𝑋
𝑡1

𝑡0

(𝑡, 𝑠)𝑓(𝑠, 𝑥𝑠)𝑑𝑠 +   ∫ 𝑑𝐻𝜃
(∫ 𝑋

𝑡0

𝑡0+𝜃

(𝑡1, 𝑠 − 𝜃)𝐻(𝑠 − 𝜃, 𝜃) 𝑙𝑖𝑚𝑖𝑡
𝑛→∞

𝑢0
𝑛 (𝑠)𝑑𝑠)

0

−ℎ

 

 

+ ∫ [∫ 𝑋
0

−ℎ

(𝑡1, 𝑠 − 𝜃)𝑑𝐻𝜃
𝐻̂(𝑠 − 𝜃, 𝜃)] 𝑙𝑖𝑚𝑖𝑡

𝑛→∞
𝑢𝑛 (𝑠)𝑑𝑠,

𝑡1

𝑡0

  𝑓𝑜𝑟 𝑡 ∈  [𝑡0,𝑡1]  

 

⟹  𝑥(𝑡1,𝑥0, 𝑢) = 𝑋(𝑡1,𝑡0,𝜙, 𝑢)𝑥0 + ∫ 𝑋
𝑡1

𝑡0

(𝑡, 𝑠)𝑓(𝑠, 𝑥𝑠)𝑑𝑠 

 

         + ∫ 𝑑𝐻𝜃
(∫ 𝑋

𝑡0

𝑡0+𝜃

(𝑡1, 𝑠 − 𝜃)𝐻(𝑠 − 𝜃, 𝜃)𝑢0(𝑠)𝑑𝑠) 
0

−ℎ

 

 

         + ∫ [∫ 𝑋
0

−ℎ

(𝑡1, 𝑠 − 𝜃)𝑑𝐻𝜃
𝐻̂(𝑠 − 𝜃, 𝜃)] 𝑢(𝑠)𝑑𝑠

𝑡1

𝑡0

  

 

 =  𝑥(𝑡1,𝑥0, 𝑢) ∈  𝐴 (𝑡1,𝑡0). 

 
𝑆𝑖𝑛𝑐𝑒 𝐴 (𝑡1,𝑡0) 𝑖𝑠 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 𝑎𝑛𝑑 𝑙𝑖𝑚𝑖𝑡

𝑛→∞
𝑥 (𝑡1,𝑥0, 𝑢𝑛) =  𝑥(𝑡1,𝑥0 , 𝑢), 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑎 𝑐𝑜𝑛𝑡𝑟𝑜𝑙  

𝑢 ∈ 𝑈, 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑥(𝑡1,𝑥0, 𝑢) = 𝑦(𝑡1), 𝑓𝑜𝑟 𝑡 > 0. 

𝑆𝑖𝑛𝑐𝑒 𝑦(𝑡1)  ∈  𝐺(𝑡1,𝑡0) 𝑎𝑛𝑑 𝑎𝑙𝑠𝑜 𝑖𝑠 𝑖𝑛 𝐴 (𝑡1,𝑡0), 𝑖𝑡 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑡ℎ𝑎𝑡 

𝐴 (𝑡1,𝑡0) ∩ 𝐺(𝑡1,𝑡0) ≠ 𝜙, 𝑓𝑜𝑟 𝑡 ∈ [𝑡0,𝑡1]  

𝐶𝑜𝑛𝑣𝑒𝑟𝑠𝑒𝑙𝑦, 
𝑆𝑢𝑝𝑝𝑜𝑠𝑒 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 ℎ𝑜𝑙𝑑𝑠;  𝐴(𝑡, 0) ∩ 𝐺(𝑡, 0) ≠ 𝜙, 𝑡 ∈ [𝑡0 ,𝑡1] ,  

𝑡ℎ𝑒𝑛 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑦(𝑡) ∈  𝐴 (𝑡1, 𝑡0) 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑦(𝑡) ∈  𝐺(𝑡1 , 𝑡0), 𝑡1 > 𝑡0  

𝑇ℎ𝑖𝑠 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑡ℎ𝑎𝑡 𝑦(𝑡) =  𝑥(𝑡1,𝑥0 , 𝑢) 𝑎𝑛𝑑 ℎ𝑒𝑛𝑐𝑒 𝑒𝑠𝑡𝑎𝑏𝑙𝑖𝑠ℎ𝑒𝑠 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑠𝑡𝑎𝑡𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑤𝑒𝑎𝑝𝑜𝑛 

 𝑜𝑓 𝑝𝑢𝑟𝑠𝑢𝑖𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑡𝑎𝑟𝑔𝑒𝑡 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (2.1). 𝑇ℎ𝑖𝑠 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒𝑠 𝑡ℎ𝑒 𝑝𝑟𝑜𝑜𝑓. 
 

𝑹𝒆𝒎𝒂𝒓𝒌 𝟑. 𝟏 
𝑇ℎ𝑒 𝑎𝑏𝑜𝑣𝑒 𝑠𝑡𝑎𝑡𝑒𝑑 𝑎𝑛𝑑 𝑝𝑟𝑜𝑣𝑒𝑑 𝑝𝑟𝑜𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑖𝑛 𝑜𝑡ℎ𝑒𝑟 𝑤𝑜𝑟𝑑𝑠 𝑠𝑡𝑎𝑡𝑒𝑠 𝑡ℎ𝑎𝑡 𝑖𝑛 𝑎𝑛𝑦 𝑔𝑎𝑚𝑒 𝑜𝑓 

 𝑝𝑢𝑟𝑠𝑢𝑖𝑡 𝑑𝑒𝑠𝑐𝑟𝑖𝑏𝑒𝑑 𝑏𝑦 𝑎 𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 𝑖𝑛𝑓𝑖𝑛𝑖𝑡𝑒𝑙𝑦 𝑠𝑝𝑎𝑐𝑒 𝑜𝑓 𝑁𝑒𝑢𝑡𝑟𝑎𝑙 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑎𝑙 𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 
 𝑆𝑦𝑠𝑡𝑒𝑚𝑠 𝑤𝑖𝑡ℎ 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑒𝑑 𝑑𝑒𝑙𝑎𝑦𝑠 𝑖𝑛 𝑐𝑜𝑛𝑡𝑟𝑜𝑙, 𝑖𝑡 𝑖𝑠 𝑎𝑙𝑤𝑎𝑦𝑠 𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒 𝑡𝑜 𝑜𝑏𝑡𝑎𝑖𝑛 𝑡ℎ𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 
 𝑒𝑛𝑒𝑟𝑔𝑦 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑡𝑜 𝑠𝑡𝑒𝑒𝑟 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 𝑠𝑡𝑎𝑡𝑒 𝑡𝑜 𝑡ℎ𝑒 𝑡𝑎𝑟𝑔𝑒𝑡 𝑖𝑛 𝑓𝑖𝑛𝑖𝑡𝑒 𝑡𝑖𝑚𝑒.  𝑇ℎ𝑒 𝑛𝑒𝑥𝑡 𝑡ℎ𝑒𝑜𝑟𝑒𝑚 

 𝑖𝑠, 𝑡ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 𝑎 𝑐𝑜𝑛𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑜𝑓 𝑡ℎ𝑖𝑠 𝑢𝑛𝑑𝑒𝑟𝑠𝑡𝑎𝑛𝑑𝑖𝑛𝑔 𝑎𝑛𝑑 𝑝𝑟𝑜𝑣𝑖𝑑𝑒𝑠 𝑠𝑢𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 𝑓𝑜𝑟 

 𝑡ℎ𝑒 𝑒𝑥𝑖𝑠𝑡𝑒𝑛𝑐𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑡ℎ𝑎𝑡 𝑖𝑠 𝑐𝑎𝑝𝑎𝑏𝑙𝑒 𝑜𝑓 𝑠𝑡𝑒𝑒𝑟𝑖𝑛𝑔 𝑡ℎ𝑒 𝑠𝑡𝑎𝑡𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (2.1)𝑣𝑖𝑠𝑎  
𝑣𝑖𝑠 𝑠𝑦𝑠𝑡𝑒𝑚 (1.1) 𝑡𝑜 𝑡ℎ𝑒 𝑡𝑎𝑟𝑔𝑒𝑡 𝑠𝑒𝑡 𝑖𝑛 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 𝑡𝑖𝑚𝑒. 

 
𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟑. 𝟏 (𝒔𝒖𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕 𝒄𝒐𝒏𝒅𝒊𝒕𝒊𝒐𝒏𝒔 𝒇𝒐𝒓 𝒕𝒉𝒆 𝒆𝒙𝒊𝒔𝒕𝒆𝒏𝒄𝒆 𝒐𝒇 𝒐𝒑𝒕𝒊𝒎𝒂𝒍 𝒄𝒐𝒏𝒕𝒓𝒐𝒍). 

𝑆𝑢𝑝𝑝𝑜𝑠𝑒 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (2.1), 𝑡ℎ𝑎𝑡 𝑖𝑠  
𝑑

𝑑𝑡
(𝐷(𝑡, 𝑥𝑡)) = 𝐿(𝐿(𝑡, 𝑧)𝑥𝑡 + ∫ 𝐴(𝑡, 𝜃)𝑥(𝑡 + 𝜃)𝑑𝜃

∞

0
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+ ∫ 𝑑𝜃𝐻(𝑡, 𝜃)𝑢(𝑡 + 𝜃) + 𝑓(𝑡, 𝑥𝑡) 
0

−ℎ

  … … … . . (2.1) 

𝑥(𝑡0) = 𝜙,   
 

𝑖𝑠  𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝑙𝑦 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑙𝑒 𝑜𝑛 𝑡ℎ𝑒 𝑓𝑖𝑛𝑖𝑡𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 𝑡0 , 𝑡1], 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑎𝑛 𝑜𝑝𝑡𝑖𝑚𝑎𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙. 
 

𝑷𝒓𝒐𝒐𝒇 
𝐵𝑦 𝑡ℎ𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 (2.1), 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 ℎ𝑜𝑙𝑑𝑠. 𝑇ℎ𝑎𝑡 𝑖𝑠, 

 𝐴 (𝑡1, 𝑡0) ∩ 𝐺(𝑡1, 𝑡0) ≠ 𝜙.  
 𝐴𝑙𝑠𝑜 𝑎𝑠  𝑥(𝑡1, 𝑥0 , 𝑢) ∈ 𝐺(𝑡1, 𝑡0), 𝑠𝑜 𝑦(𝑡1) =  𝑥(𝑡1, 𝑥0 , 𝑢). 
 

𝑅𝑒𝑐𝑎𝑙𝑙 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑎𝑡𝑡𝑎𝑖𝑛𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 𝐴 (𝑡1,𝑡𝑜,) 𝑖𝑠 𝑎 𝑡𝑟𝑎𝑛𝑠𝑙𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑒𝑎𝑐ℎ𝑎𝑏𝑙𝑒 𝑠𝑒𝑡 𝑅(𝑡1,𝑡𝑜,) 

 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑒 𝑜𝑟𝑖𝑔𝑖𝑛  ŋ 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠: 

ŋ = 𝑋(𝑡1,𝑡0,𝜙, 𝑢)𝑥0 + ∫ 𝑋
𝑡1

𝑡0

(𝑡, 𝑠)𝑓(𝑠, 𝑥𝑠)𝑑𝑠  

         + ∫ 𝑑𝐻𝜃
(∫ 𝑋

𝑡0

𝑡0+𝜃

0

−ℎ

(𝑡1, 𝑠 − 𝜃)𝐻(𝑠 − 𝜃, 𝜃)𝑢0(𝑠)𝑑𝑠.  

 
 𝐼𝑡 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑡ℎ𝑎𝑡 𝑦(𝑡) ∈  𝐴 (𝑡1, 𝑡0) 𝑓𝑜𝑟 𝑡 ∈ [𝑡0, 𝑡1] , 𝑡 > 0 𝑎𝑛𝑑 𝑐𝑎𝑛 𝑏𝑒 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑎𝑠 
 

     𝑦(𝑡) = ∫ [∫ 𝑋
0

−ℎ

(𝑡1, 𝑠 − 𝜃)𝑑𝐻𝜃
𝐻̂(𝑠 − 𝜃, 𝜃)] 𝑢(𝑠)𝑑𝑠

𝑡

𝑡0

 . 

 

𝐿𝑒𝑡   𝑡∗  =  𝑖𝑛𝑓𝑖𝑚𝑢𝑚 {𝑡: 𝑦(𝑡) ∈ 𝑅(𝑡1 , 𝑡0) , 𝑡 ∈ [𝑡0 , 𝑡1]}  
 

𝑁𝑜𝑤, 𝑡 > 0 𝑎𝑛𝑑 𝑡ℎ𝑒𝑟𝑒 𝑖𝑠 𝑎 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑜𝑓 𝑡𝑖𝑚𝑒𝑠  {𝑡𝑛}  𝑎𝑛𝑑 𝑡ℎ𝑒 𝑐𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑𝑖𝑛𝑔 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 

 𝑜𝑓 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑠   {𝑡𝑛} ∈ 𝑈 𝑤𝑖𝑡ℎ {𝑡𝑛} 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑖𝑛𝑔 𝑡𝑜 𝑡∗ (𝑡ℎ𝑒 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 𝑡𝑖𝑚𝑒). 
 

𝐿𝑒𝑡 𝑦(𝑡𝑛) = 𝑧(𝑡𝑛) = 𝑧(𝑡𝑛, 𝑢𝑛)  

𝐿𝑒𝑡  𝑦(𝑡𝑛) = 𝑧(𝑡𝑛, 𝑢𝑛)𝜖 𝑅(𝑡1 , 𝑡0).  

 𝐴𝑙𝑠𝑜 

|𝑦(𝑡∗) – 𝑧(𝑡∗, 𝑢𝑛)| =  |𝑦(𝑡∗)  −  𝑦(𝑡𝑛) + 𝑦(𝑡𝑛) − 𝑧(𝑡∗, 𝑢𝑛)| 

                  ≤ |𝑦(𝑡∗) −  𝑦(𝑡𝑛)| +  |𝑦(𝑡𝑛) −  𝑧(𝑡∗, 𝑢𝑛)| 

                  ≤ |𝑦(𝑡∗) −  𝑦(𝑡𝑛)| + | 𝑧(𝑡𝑛, 𝑢𝑛) −  𝑧(𝑡∗, 𝑢𝑛)| 

                  ≤ |𝑦(𝑡∗) −  𝑦(𝑡𝑛)| + ∫ ‖𝑧(𝑠)‖𝑑𝑠
𝑡𝑛

𝑡∗

 

𝐵𝑦 𝑡ℎ𝑒 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑡𝑦 𝑜𝑓 𝑦(𝑡)𝑤ℎ𝑖𝑐ℎ 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑡ℎ𝑒 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑡𝑦 𝑜𝑓 𝑅(𝑡1 , 𝑡0) 𝑎𝑠 𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑠𝑒𝑡 

 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓 ‖𝑧(𝑡)‖ , 𝑖𝑡 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑡ℎ𝑎𝑡 𝑧(𝑡∗, 𝑢𝑛) → 𝑦(𝑡∗) 𝑎𝑠 𝑛 → ∞,  
𝑤ℎ𝑒𝑟𝑒 𝑦(𝑡∗) =  𝑧(𝑡∗, 𝑢∗) ∈ 𝑅(𝑡1, 𝑡0).   

𝐹𝑜𝑟 𝑠𝑜𝑚𝑒 𝑢∗ ∈ 𝑈 𝑎𝑛𝑑 𝑏𝑦 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡∗, 𝑢∗ 𝑖𝑠 𝑎𝑛 𝑜𝑝𝑡𝑖𝑚𝑎𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙.  
𝑇ℎ𝑖𝑠 𝑒𝑠𝑡𝑎𝑏𝑙𝑖𝑠ℎ𝑒𝑠 𝑡ℎ𝑒 𝑒𝑥𝑖𝑠𝑡𝑒𝑛𝑐𝑒 𝑜𝑓 𝑎𝑛 𝑜𝑝𝑡𝑖𝑚𝑎𝑙 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑛𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 𝑖𝑛𝑓𝑖𝑛𝑖𝑡𝑒𝑙𝑦 𝑠𝑝𝑎𝑐𝑒 𝑜𝑓 

 𝑁𝑒𝑢𝑡𝑟𝑎𝑙 𝐹𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑎𝑙 𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 𝑆𝑦𝑠𝑡𝑒𝑚 𝑤𝑖𝑡ℎ 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑒𝑑 𝑑𝑒𝑙𝑎𝑦𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 (𝑠𝑦𝑠𝑡𝑒𝑚 2.1)
/𝑠𝑦𝑠𝑡𝑒𝑚(1.1). 
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